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15 Degenerate Perverse Sheaves on AbelianVarieties
Rainer Weissauer
In [KrW] generic vanishing theorems for perverse sheaves on complex abelian
varieties X were proved. The proofs in loc. cit. depend on the characterization
of perverse sheaves on X with vanishing Euler-Poincare characteristics in terms
of translation invariant perverse sheaves. We discuss this characterization in the
present paper with its main result theorem 1 (for an overview see section 1). Al-
though we deal with the situation in characteristic zero, at certain points we also
use methods from characteristic p > 0 also considered in [W3].
By sheaf theoretic methods, we show how the characterization of perverse
sheaves on complex abelian varieties with vanishing Euler-Poincare characteristic
can be reduced to the study of perverse sheaves on simple abelian varieties. This
suffices for the proof of the vanishing theorems in [KrW], since the special case
of simple complex abelian varieties has already been considered there.
The proof for simple abelian varieties in loc. cit. uses the theory of D-modules,
but this proof unfortunately does not carry over the case of non-simple abelian
varieties and therefore has to be complemented by the arguments given here. We
mention that independently another proof for the mentioned characterization was
given by Chr. Schnell [S], also using the theory of D-modules. The methods
developed in the present paper use induction on the number of simple factor. They
are not restricted to characteristic zero, but also work over finite fields – so far with
one exception, the case of simple abelian varieties as the induction start. Hence,
to generalize all results of [KrW] to abelian varieties over finite fields, it remains
to characterize perverse sheaves with vanishing Euler-Poincare characteristic on
simple abelian varieties over finite fields.
1 Formulation of the main results
Notations. Let X be a complex abelian variety. Let E(X) denote the class
of perverse sheaves whose irreducible constituents K satisfy χ(K) = 0. Let N(X)
denote the class of negligible perverse sheaves on X , i.e. those for which each
irreducible constituent is translation invariant for certain abelian subvarieties of
X of dimension > 0. A typical example for a translation invariant irreducible
perverse sheaf on X is δ ψX = Lψ [dim(X)] for the local system Lψ on X defined by a
character ψ : pi1(X ,0)→ C∗ of the fundamental group of X . Indeed, T ∗x (δ ψX ) ∼= δ
ψ
X
holds for all x ∈ X , hence δ ψX ∈ N(X). As already mentioned, it is not difficult to
show N(X) ⊆ E(X). If F(X) denotes the class of irreducible perverse sheaves in
the complement E(X)\N(X), then our aim is equivalent to show F(X) = /0. Let
M(X) denote the class of perverse sheaves whose irreducible components M have
Euler-Poincare characteristic χ(M) 6= 0.
For a perverse sheaf K on X the character twist Kψ = K⊗CX Lψ is a perverse
sheaf. The classes N(X) and E(X) are stable under character twists in this sense.
Depending on the situation, we also write Kψ instead of Kψ , e.g. δ ψX = (δX)ψ .
For isogenies f : X →Y between complex abelian varieties the functors f∗ and
f ∗ preserve F(X), E(X) and the categories of perverse sheaves; this is an easy con-
sequence of the properties of the class NEuler (defined in [KrW]) and the adjunction
formula. A complex K with bounded constructible cohomology sheaves is called
negligible, if its perverse cohomology sheaves pHν(K) are all contained in N(X).
Our main result stated in theorem 4 is the assertion F(X) = /0, respectively the
equivalent
Theorem 1. For an irreducible perverse sheaf K on a complex abelian variety
X with vanishing Euler characteristic χ(K) = ∑i(−1)i dim(H i(X ,K)) there exists a
nontrivial abelian subvariety A ⊆ X such that T ∗x (K)∼= K holds for all x ∈ A.
For simple complex abelian varieties this is shown in [KrW], using that any
perverse sheaf K has an associated D-module whose characteristic variety as a
subvariety of the cotangent bundle is a union of Lagrangians Λ=ΛZ for irreducible
subvarieties Z ⊆ X . The assumption χ(K) = 0 implies that all Z are degenerate
(see [W] and [KrW]), hence for simple X this immediately implies Z = X . By
the Lagrangian property then Λ is the zero-section of the cotangent bundle T ∗(X).
Hence by a well known theorem on D-modules K is attached to a local system
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defined and smooth on X , and then K is a translation invariant perverse sheaf on
X . This proves the statement for simple abelian varieties, and this essentially is
the proof of [KrW]. To give a similar argument for the non-simple case fails, or
at least the author’s attempt to give a simple proof along these lines for general
abelian varieties. I would like to thank Christian Schnell for pointing this out.
In this paper we show how the general case of the theorem 1 can be reduced
to the case of simple abelian varieties by sheaf theoretic arguments. Since this
may be of independent interest, we mention that our arguments for the proof of
theorem 1 carry over to abelian varieties and perverse sheaves over finite fields,
once we assume that theorem 1 holds for simple abelian varieties and perverse
sheaves over finite fields. In this case the Euler-Poincare characteristic has to be
defined by extending X and K to the algebraic closure k of the finite field. In fact,
one step of our argument for characteristic zero (section 9 and appendix) even
uses methods of characteristic p by referring to [W3, appendix].
Some reformulations of theorem 1. Simple perverse sheaves K on X are of
the form K = i∗( j!∗EU) for some local system EU on an open dense subvariety j :
U →֒ Z of the support Z = supp(K). The support is an irreducible closed subvariety
i : Z →֒ X of X . If the irreducible perverse sheaf K is translation invariant with
respect to an abelian subvariety A in X , its support Z satisfies Z + A = Z. The
local system EU defines an irreducible finite dimensional representation φ of the
fundamental group pi1(U) of U . By the A-invariance of the singular support of K
there exists an A invariant closed subset Z′ of Z, which contains the ramification
locus of the perverse sheaf K. The restriction of the perverse K to U = Z \ Z′ is
smooth in the sense that K|U = E[d] holds for a smooth etale sheaf E associated
to the representation of the topological fundamental group pi1(U) of U . Notice, U
can be chosen such that U +A =U holds.
Let ˜U and ˜Z denote the images of U and Z under the projection q : X → ˜X =X/A.
Since q : X → ˜X = X/A is smooth, also the induced morphism q : Z → ˜Z is smooth.
The smooth morphism q : Z→ ˜Z defines a fibration q : U → ˜U . Since A is connected,
we obtain from the long exact homotopy sequence
pi1(A)
σ // pi1(U) // pi1( ˜U) // 0 .
The map σ : pi1(A)→ pi1(U) is injective. To show this, consider the natural group
homomorphism ρ : pi1(U)→ pi1(X) induced from the inclusion U →֒ X . Obviously
the composition ρ ◦σ is the first map of the exact homology sequence
0 // pi1(A) // pi1(X) // pi1( ˜X) // 0 .
3
Hence ρ ◦σ (and therefore σ) is injective. pi1(A) is a normal subgroup of pi1(U).
We claim that pi1(A) is in the center of pi1(U). Indeed, for α ∈ pi1(A) and γ ∈ pi1(U),
there exists an α ′ ∈ pi1(A) such that γαγ−1 = α ′. If we apply the homomorphism
ρ , this gives ρ(γ)ρ(α)ρ(γ)−1 = ρ(α ′). Hence ρ(α) = ρ(α ′), since pi1(X) = H1(X)
is abelian. Therefore α = α ′, because ρ ◦σ is injective. Because pi1(A) is a central
subgroup of pi1(U), for any irreducible representation φ of pi1(U) there exists a
character χ of pi1(A) such that φ(αγ)= χ(α)φ(γ) holds for α ∈ pi1(A) and γ ∈ pi1(U).
Since pi1( ˜X) is a free Z-module, any character χ of pi1(A) can be extended to a
character χX of pi1(X). Thus χ−1X ⊗ φ is an irreducible representation, which is
trivial on pi1(U); in other words it is an irreducible representation of ˜U .
The last arguments imply that there exists a perverse sheaf ˜K on ˜U such that
L−1χX ⊗K = q
∗( ˜K)[dim(A)] holds on U . Then ˜K necessarily is an irreducible per-
verse sheaf. Let ˜K also denote the intermediate extension of ˜K to ˜Z, which is
an irreducible perverse sheaf on ˜Z. Since q : Z → ˜Z is a smooth morphism with
connected fibers, the pullback q∗[dim(A)] is a fully faithful functor from the cat-
egory of perverse sheaves on ˜Z to the category of perverse sheaves on Z. Also
L = q∗( ˜K)[dim(A)], as a perverse sheaf on Z, is still irreducible on Z. Now K and
L are both irreducible perverse sheaves on Z, whose restrictions on U coincide.
Thus K = L. Choose a finite etale covering such that ˜X splits. Then this implies
the assertion (b) =⇒ (c) of the next theorem. The implications (b) =⇒ (c) =⇒ (a)
of the next theorem are elementary. Hence, we have shown that quite generally
theorem 1 implies
Theorem 2. For an irreducible perverse sheaf K on a complex abelian variety X
the following properties are equivalent
a) The Euler characteristic χ(K) vanishes.
b) There exists a positive dimensional abelian subvariety A of X , a translation
invariant smooth sheaf LχX of rank one on X and and a perverse sheaf ˜K
on ˜X = X/A such that K ∼= LχX ⊗ q∗( ˜K)[dim(A)] holds for the quotient map
q : X → ˜X .
c) There exists a finite etale covering of X which splits into a product of two
abelian varieties A and ˜X , where dim(A)> 0, such that the pullback of K to
this covering is isomorphic to the external tensor product of a translation
invariant perverse sheaf on A and a perverse sheaf on ˜X .
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Outline of the proof of theorem 1. The proof is by induction on the number of
simple factors of X (up to isogeny). The case of simple abelian varieties we now
take for granted. For the proof we use that the perverse sheaves K may be replaced
by monoidal perverse sheaves on X in the sense of [W2]. For X isogenous to a
product A1×A2 of two simple abelian varieties we use methods from characteristic
p in the proof. We deal with this case in section 9 after some preparations in
section 7 and 8 relying on arguments that involve the tensor categories introduced
in [KrW].
If X has three or more simple factors, we will simply use induction on dim(X).
The main step in this case, obtained in section 6, uses an analysis of the stalks of
monoidal perverse sheaves. The arguments are sheaf theoretic, exploiting spectral
sequences that naturally arise if one restricts perverse sheaves on X to abelian
subvarieties (e.g. fibers of homomorphisms) used in the course of the induction
argument. These spectral sequences are described in section 3 and are applied in
section 5 and 6. A second crucial step consists in the use of monoidal components
PK of perverse sheaves K on X and their degree νK (see [W2]). Furthermore, in
section 5 we show that it suffices to consider perverse sheaves in Fmax(X)⊆ F(X).
2 Relative generic vanishing
An important technical tool for the study of homomorphisms f : X → B used
through the induction process will be the next lemma. This lemma can be easily
derived from the statement F(A) = /0 for simple abelian varieties A, whose proof
for complex abelian varieties was sketched above. The statement F(A) = /0 can
be converted into a weak relative generic vanishing theorem for morphisms with
simple kernel A (see [KrW]). Factoring arbitrary homomorphisms f : X → B into
homomorphisms whose kernels are simple abelian varieties, an iterative applica-
tion of the assertion F(A) = /0 for each of the simple abelian varieties A defining
the sucessive kernels, then easily implies the next
Lemma 1. Let A be an abelian subvariety of X with F(A) = /0 and quotient map
f : X → B = X/A
and let K ∈ Perv(X ,C) be a perverse sheaf on X . Then for a generic character χ
the direct image R f∗(Kχ) is a perverse sheaf on B.
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The similar statement for abelian varieties over finite fields follows from the
vanishing theorem proved in [W4].
Under the assumptions of the last lemma, then K ∈ E(X) immediately implies
R f∗(Kχ) ∈ E(X/A). Inductively this gives
Corollary 1. H•(X ,Kχ) = 0 holds for K ∈ E(X) and generic χ .
An irreducible perverse sheaf K on X is called maximal, if for any quotient
homomorphism f : X → B to a simple abelian quotient variety B and a generic
character twists Kχ of K the direct image R f∗(Kχ) does not vanish. Let Fmax(X)
denote the maximal perverse sheaves in F(X). If , then for K ∈ Fmax(X) one has the
following assertion.
Lemma 2. Suppose K ∈ Fmax(X) and suppose given a surjective homomorphism
f : X → B for simple B. If F(B) = /0, then R f∗(Kχ0) 6= 0 holds for any character χ0.
Proof. By corollary 1, for generic χ0 the direct image complex L=R f∗(Kχ0) 6= 0
is a translation invariant perverse sheaf on B. Therefore its cohomology sheaves
are concentrated in degree −dim(B). So, the same holds for the cohomology of
M := Kχ0 | f−1(b) over the fiber f−1(b) for any b ∈ B. Hence the Euler-Poincare char-
acteristic of M does not vanish. Since the Euler-Poincare characteristic is invariant
under characater twists, the same same holds for any character χ0. This implies
the assertion of the lemma.
Remark. From now on we use that F(A) = /0 holds for all simple complex
abelian varieties. For finitely many perverse sheaves on X and a given homomor-
phism f : X → B to an arbitrary abelian variety B, then lemma 1 allows to find
characters χ for which Γχ(K) = pH0(R f∗(Kχ)) defines an exact functor Γχ on the
tensor subcategory T of Dbc(X ,C) generated by these objects with respect to the
convolution product (see [KrW]) , in the sense that Γχ maps distinguished trian-
gles to short exact sequences. We can use this to analyse stalks: Suppose the stalk
R f∗(Kχ)b vanishes for generic χ . Let F = F(b) denote the fiber f−1(b). Then the
restriction M := (Kχ)|F(b) is in pD[−dim(B),0](F) and for generic χ all its perverse
cohomology sheaves Mi = pH−i(M) are acyclic, i.e. H•(F,Mi) = 0. Although the
sheaf complex M and also the perverse sheaves Mi are not necessarily semisim-
ple, this assertion easily follows from the exactness of the functors Γχ , here as a
consequence of
H i(F,M) = H0(F,Mi) = H•(F,Mi)
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for generic χ (identifying F and A = kern( f )). The same statement carries over to
the finitely many irreducible perverse Jordan-Ho¨lder constituents P of the perverse
sheaves Mi.
Direct images. For the definition of M above we fixed a suitable generic char-
acter χ . Then Mχ0 = Kχχ0|F(b) (for arbitrary χ0) gives the ‘cohomology’ spectral
sequence ⊕
j+i=k
H− j(F(b),(Mi)χ0) =⇒ R−k f∗(Kχχ0)b .
The cohomology sheaves H i+k(Mi) =⊕i H k(Mi[i]) are related to the cohomology
sheaves H k(M), or equivalently the stalk cohomology sheaves of the complex Kχ
at points x∈ F(b) via the following ‘stalk’ spectral sequence with E p,q2 =H p(M−q)
⊕
−p−q=−k
H
−p(Mq) =⇒ H −k(M) = H −k(Kχ)|F(b)
on F(b) with differentials d2 : H i+k−1(Mi−1)→H i+k+1(Mi).
H −d(A)(M0) ... H −d−1(M0) H −d(M0) H −1(M0) H 0(M0) 0 ...
H −d(A)(M1) .... H −d−1(M1) H −d(M1) ... H −1(M1) H 0(M1) 0 ...
... . . 0 ...
... . . 0 ...
... . . 0 ...
H −d(A)(Md) ... H −d−1(Md) H −d(Md) ... H −1(Md) H 0(Md)
❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖❖
0 ...
... . . . . . 0 ...
... . . . . . 0 ...
H −d(A)(Md(B)) ... H −d−1(Md(B)) H −d(Md(B)) ... H −1(Md(B)) H 0(Md(B)) 0 ...
Here d(A) and d(B) are the dimensions of A resp. B. The edge morphisms
H 0(Mi) → H −i(M) and H −i(M)→ H −i(M0) will play a role later, as well as
the upper triangle of the diagram (as indicated) for a suitable d.
Lemma 3. For simple A ⊆ X and f : X → X/A suppose F(A) = /0. Then for an
irreducible perverse sheaf K on X we have R f∗(K) = 0 =⇒ K /∈ F(X).
Proof. R f∗(K) = 0 implies R f∗(Kχ) = 0 for generic χ (proof of corollary 1).
So all Mi are acyclic perverse sheaves on A, hence contained in E(A). Now use
F(A)= /0. Since A is a simple abelian variety A, it implies H − j(Mi) = 0 for j 6= d(A)
by translation invariance. Thus by the stalk spectral sequence, H −i−d(A)(Kχ)|F(b)∼=
7
H −d(A)(Mi) is a translation invariant sheaf on A and therefore is never a skyscraper
sheaf. We now apply this for the monoidal component PK of K. According to
[W2, lemma 2.1], R f∗(Kχ) = 0 for generic χ implies R f∗(PKχ) = 0 for generic
χ and K ∈ F(X) implies PK ∈ F(X). For PK ∈ F(X) the stalk H −i(PK) is a
skyscraper sheaf at least for the degree i = νK by [W2, lemma 1, part 7]. This
gives a contradiction if K ∈ F(X).
3 Restriction in steps
In this section we consider exact sequences of abelian varieties
0 // B1 // B h // B2 // 0
0 // C // A p // B1 // 0
and a diagram of quotient homomorphisms, where A = g−1(B1) and p = g|A and
where C is the kernel of the projection g : X → B
X
f //
g
%%❏❏
❏❏
❏❏
❏❏
❏❏
❏ B2 = X/A
B = X/C
h
77♦♦♦♦♦♦♦♦♦♦♦♦
Assumption. For perverse K and a quotient homomorphism f : X → B2 = X/A
suppose for generic χ and some d
R−i f∗(Kχ) = 0 , ∀ i < d .
These vanishing conditions imply acyclicity for the constituents P of the perverse
sheaves M0,M1, ...,Md−1.
For b2 ∈ B2 and b1 ∈ B1 the fibers C ∼= F(b1,b2) = g−1(b1,b2) →֒ f−1(b2) =
F(b2) ∼= A, can be identified with A respectively with C up to a translation. This
being said, we restrict a generic twist Kχ of K (for some generic character χ :
pi1(X ,0)→ C∗) to the fiber Fb2
M = M(b2) = (Kχ)|F(b2) ∈
pD[−dim(B2),0](F(b2)) ;
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then we further restrict M to F(b1,b2) →֒ F(b2) and obtain
N = N(b1,b2) := M(b2)|F(b1,b2) = Kχ |F(b1,b2) ∈
pD[−dim(B),0](F(b1,b2)) .
For Nk = Nk(b1,b2) = pH−k(N) in Perv(F(b1,b2),C) and Mi = Mi(b2) = pH−i(M) in
Perv(F(b2),C) for j = 0, ..,dim(B1) and i = 0, ..,dim(B2) we easily get the following
‘double restriction’ spectral sequence⊕
i+ j=k
pH− j
(
Mi(b2)|F(b1,b2)
)
=⇒ Nk(b1,b2)
Picture. The front rectangle visualizes the fiber F(b2), which is isomorphic
to A = Kern( f ), and the fiber F(b1,b2) ⊂ F(b2) isomorphic to the abelian variety
C = Kern(g).
• •
• •b1
F(b1,b2)
• •
C
B1
B2
⑤
⑤⑤
⑤
⑤
⑤
⑤
⑤
⑤⑤
⑤
⑤
⑤
Now fix b2 ∈ B2. Then for almost all closed points b1 ∈ B1 the perverse sheaf
pH0(Md(b2)|F(b1,b2))
is zero, since it defines a perverse quotient sheaf of Md(b2) on F(b2) with support in
F(b1,b2). Indeed these supports are disjoint and there are only finitely many con-
stituents. Furthermore the perverse constituents of the sheaves M0(b2), ..,Md−1(b2)
on F(b2) ∼= A are in E(F(b2)), by the vanishing assumption on the direct images:
R f−i(Kχ) = 0 for i < d.
For generic χ we have the ‘relative cohomological’ spectral sequence⊕
j+i=k
H0(F(b1,b2), pH− j(Mi|F(b1,b2))) =⇒ R
−kg∗(Kχ)(b1,b2) .
Notice i = 0,1, ...,dim(B2) and j = 0, ...,dim(B1), where the case j = 0 plays a spe-
cial role as explained above. The spectral sequence is obtained from the double
restriction spectral sequence combined with the degenerate cohomology spectral
sequence for g using H0(F(b1,b2),Nk) = R−kg∗(Kχ)(b1,b2) for generic χ .
Now assume
d = dim(B1) = µ(A) = µ(X) .
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Proposition 1. For d = µ(A) = dim(B1) = µ(X) suppose given an irreducible per-
verse sheaf K with the vanishing condition R−i f∗(Kχ)b2 = 0 for i < d and generic
χ . Then for fixed b2 ∈ B2 and generic χ : pi1(X ,0)→C∗ we have an exact sequence
H0
(
F(b1,b2), pH0(Md|F(b1,b2))
)
→R−dg∗(Kχ)(b1,b2)→H
0(F(b1,b2), pH−d(M0|F(b1,b2))) .
In particular R−dg∗(Kχ)(b1,b2) = 0 holds for almost all b1 ∈ B1 (for fixed b2 ∈ B2), if
M0 vanishes. Notice M0 = 0 iff K does not have support in the fiber F(b2).
Proof. ⊕ j+i=d H0(F(b1,b2), pH− j(Mi|F(b1,b2))) =⇒ R−dg∗(Kχ)(b1,b2) for generic χ
and k = d degenerates by Lemma 4 which shows that for 0 < i < d we can ignore
all terms j = 1, ...,d−1 = dim(B1)−1 in this spectral sequence. Since j+ i = k, for
k = d only the terms ( j, i) = (0,d) and the term ( j, i) = (d,0) remain. This proves
our assertion.
Before we give the proof of the lemma, recall that the abelian variety A can be
identified with the ‘front rectangle’ F(b2), the fiber of b2 for fixed b2 ∈ B2, which
contains F(b1,b2)
• •
• •b1
F(b1,b2)
• •
C
B1
The irreducible constituents P of the perverse sheaves Mi, i < d are acyclic perverse
sheaves living on the ‘front rectangle’ A and their irreducible perverse constituents
P are acyclic.
Lemma 4. Suppose µ(A) = dim(B1) = µ(X) = d. Then B1 is simple and for the
constituents P of Mi for i = 0,1, ..,d−1 and for generic χ the following holds:
H•
(
F(b1,b2), pH− j(P|F(b1,b2))χ
)
= 0 , ∀ j = 0,1, ..,d−1 .
Proof. The irreducible constituents P = ˜Pχ (for K|F(b2)) of the Mi for i =
0,1, ..,d − 1 are acyclic on A and for p : A → B1 the direct image Rp∗(P) is per-
verse (χ being generic) so that therefore χ(Rp∗(P)) = χ(P) = 0 holds. Since B1 is
simple of dimension dim(B1) = d, the semisimple perverse sheaf Rp∗(P) in E(B) is
of the form
Rp∗(P) =
⊕
ψ∈Ψ(χ)
mψ ·δ ψB1 .
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Then R−i p∗(P)b1 = 0 for i 6= d = dim(B1) and all b1 ∈ B1, so that for generic χ the
perverse sheaves pH− j(P|F(b1,b2)) are acyclic for j = 0, ...,−d +1 by the remark on
page 6 applied for (P, p) instead of (K, f ). Thus H•(F(b1,b2), pH− j(P|F(b1,b2))χ)
vanishes for j = 0, ..,d−1.
4 Stalk vanishing conditions
Let µ(X) be the minimum of the dimensions of the simple abelian variety quotients
B of X . An abelian quotient variety B of X is said to be minimal if dim(B) = µ(X).
For a sheaf complex P on X define
µ(P) = max{ν | H −i(P) = 0 for all i < ν} .
Lemma 5. µ(K)≥ µ(X) holds for all perverse sheaves K ∈ E(X).
Proof by induction on dim(X). Choose f : X → B with simple minimal B. Then
R f∗(Kχ) is perverse for generic χ , hence R f∗(Kχ) ∈ E(B) is of the form ⊕ψ mψ ·δ ψB .
By the induction hypothesis we can assume M0 = 0, since otherwise the support
of K is contained in a proper abelian subvariety of X . M = Kχ | f−1(b) has acyclic
perverse cohomology sheaves Mi ∈ E(Kern( f )) for i = 1, ...,d − 1 and d = µ(X).
Then, by induction µ(Mi) ≥ µ(Kern( f ))≥ µ(X) = d implies H −ν(Mi) = 0 for all
i = 0, ...,dim(B)− 1 = d − 1 and all ν < d = µ(X). Hence µ(K) ≥ d by the stalk
spectral sequence discussed in section 2.
To an irreducible perverse sheaf K on X we associated in [W2] a degree νK
and an irreducible monoidal perverse sheaf PK with more amenable properties
than K. It is defined from the monoidal structure obtained from the convolution
product ∗ that comes from the group law on X . Then the complex PK [−νK ] is the
unique irreducible summand of the convolution product K∨ ∗K on which the eval-
uation morphism is nontrivial (for the rigid dual K∨ of K). In the next lemma we
gather information on these monoidal components PK for K ∈ F(X). For details
on monoidal components we refer to [W2].
Lemma 6. For K ∈ F(X) the following holds
1. The monoidal component P(K) is in F(X) with νK := µ(PK)≥ µ(X).
2. K ∈ Fmax implies PK ∈ Fmax and νK = µ(PK) = µ(X).
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3. For K ∈ Fmax(X) and any minimal quotient B = X/A of X the restriction
M = PK |F of PK to any fiber F = f−1(b) is a complex with Euler perverse
cohomology Mi for i = 0, ..,µ(X)− 1. For the fiber over the point b = 0 fur-
thermore Mµ(X) has a nontrivial perverse skyscraper quotient concentrated
at the point zero.
Proof. Concerning the first assertion P(K)∈F(X) see [W2, lemma 2.5]. Next,
µ(PK) ≥ µ(X) holds by lemma 5, by νK := µ(PK) and [W2, lemma 1, part 7].
Hence νK ≥ µ(X). By [W2, lemma 4], on the other hand νK ≤ µ(X) for K ∈Fmax(X).
Hence νK = µ(PK) = µ(X) holds for K ∈ Fmax(X). Since for PK ∈ F(X) the coho-
mology H −ν(K)(PK) is a skyscraper sheaf, our assertion on the skyscraper sub-
sheaf comes from considering the edge term of the above spectral sequence. Since
R f∗(Kχ) is perverse for generic χ and hence R f∗(Kχ) = 0 iff R f∗(PKχ) = 0 by [W2,
lemma 2.1], K ∈ Fmax(X) implies PK ∈ Fmax(X)
Lemma 7. For K ∈ Fmax(X) the support of K is not contained in a translate of a
proper abelian subvariety A of X .
Proof. For the projection f : X → X/A the support Z of R f∗(PK) becomes
zero: f (Z) = {0}. This also holds for generic twists of K, so we could assume that
R f∗(PK) is perverse. Therefore R f∗(PK) = 0, because otherwise for a skyscraper
sheaf χ(R f∗PK) > 0 would hold; a contradiction. This implies R f∗(Kχ) = 0 for
generic χ , contradicting the maximality of K.
5 Supports
Let A be an abelian subvariety of X and K be an irreducible perverse sheaf on X .
For quotient homomorphisms f : X → B = X/A consider the assertions
1. K is C-invariant for some nontrivial abelian subvariety C of A.
2. R f∗(Kχ) = 0 for generic χ .
3. R f∗(Kχ) = 0 on a fixed dense open subset W of f (Z) for generic χ , where Z
denotes the support of K.
Obviously 1. =⇒ 2. =⇒ 3. We remark that R f∗(Kχ0) = 0 for a single χ0 implies 2.
using corollary 1. Indeed the fibers M are acyclic and remain acyclic for generic
character twist.
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Proposition 2. Suppose F(A) = /0 and A+Z = Z for the support Z of K. Then the
three properties 1,2 and 3 above are equivalent. Furthermore, for K ∈ F(X) then
supp(R f∗(Kχ)) = f (supp(K)) holds for generic χ .
Step 1) Fix a smooth dense open subset W ⊂ f (Z) = Z/A of dimension d so that
K|U = E[dim(U)] for a local system E on a dense Zariski open subset U of f−1(W ),
and so that U ∩ f−1(b) is dense in every fiber for b ∈W ; fix a closed point b in
W . Then F = f−1(b) can be identified with A. For M = (Kχ)|F ∈ pD[−d,0](F) and
Mi = pH−i(M) for i= 0, ..,d notice Md 6= 0, since pH−d(M) contains the intermediate
extension of EF∩U [g] as constituent.
Step 2) Let C be a nontrivial abelian subvariety of A and g : X → X/C the
projection. By assumption, K is simple and g is smooth with connected fibers of
dimension dim(C), so by [BBD, p.108ff] K or equivalently Kχ is C-invariant for
some nontrivial abelian subvariety C of A and some character χ iff
pH−dim(C)(Rg∗(Kχ)) 6= 0 .
Step 3) For fiber inclusions i : F →֒ Z and iC : F/C →֒ Z/C
Z
f
  g // Z/C // Z/A
F
g //?

i
OO
F/C
?
iC
OO
// {b}
?
ib
OO
proper base change gives i∗CRg∗(Kχ) = Rg∗(i∗(Kχ)) = Rg∗(M). In order to compute
pH−dim(C)−d(Rg∗i∗(−)), we use that under the functor Rg∗ perversity drops at most
by −dim(C) (see [BBD, 4.2.4])
Rg∗ : pD≥n(−) −→ pD≥n−dim(C)(−)
and that therefore pH−dim(C)Rg∗ : Perv(−,C)→ Perv(−,C) is left exact. Under
i∗ and i∗C perversity drops at most by −d. Notice i∗C ◦ Rg∗ = Rg∗ ◦ i∗ by proper
base change. The distinguished triangle (pH−dim(C)(Rg∗(K))[dim(C)],Rg∗(K),K′)
for perverse K defined by perverse truncation gives K′ ∈ pD>−dim(C)(Z/C,C) and
i∗C(K′) ∈ pD>−dim(C)−d(Z/C,C). Therefore
pH−d(i∗C(
pH−dim(C)(Rg∗(K))) ∼= pH−dim(C)−d(i∗CRg∗(K)) .
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This gives both the upper (and lower) part of the commutative diagram
Perv(Z,C)
pH−dim(C)−d◦i∗C◦Rg∗
&&▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲
pH−dim(C)◦Rg∗ //
pH−d◦i∗

Perv(Z/C,C)
pH−d◦i∗C

Perv(F,C)
pH−dim(C)◦Rg∗ // Perv(F/C,C)
so that
pH−dim(C)(Rg∗(pH−di∗(Kχ))) = pH−dim(C)(Rg∗(Md)) 6= 0
implies pH−d(i∗C(pH−dim(C)Rg∗(Kχ))) 6= 0, and hence as required for step 2)
pH−dim(C)(Rg∗(Kχ)) 6= 0 .
Step 4) For the proof of the proposition for generic characters χ now suppose
R f∗(Kχ)b = 0 at b ∈ Z/A .
Since Md 6= 0, step 3 in the case C = A therefore implies that M is acyclic on F ,
but not zero. For a suitable χ all perverse cohomology sheaves Mi = pH i(M) are
acyclic on F and their perverse Jordan-Ho¨lder constituents as well. Fix one such
χ and notice pH−i(Mχ0) = pH−i(M)χ0 = Miχ0 for any character χ0.
Step 5) Since F(A) = /0 by assumption, all the acyclic perverse Jordan-Ho¨lder
constituents of the perverse sheaves Mi are negligible perverse sheaves on F ∼= A.
Let S →֒ Md 6= 0 be a simple perverse subobject. Then S = (δC)χ−10 ∗ L for some
L ∈ M(A) and some nontrivial abelian subvariety C of A and some character χ0.
For the corresponding projection g : X → X/C
pH−dim(C)(Rg∗(Sχ0)) →֒ pH−dim(C)(Rg∗(Mdχ0))
by the left exactness of pH−dim(C). Furthermore pH−dim(C)(Rg∗(Sχ0)) 6= 0. For the
last assertion notice Rg∗(Sχ0) = H•(C)⊗C Rg∗(L) and hence
pH−dim(C)(Rg∗(Sχ0)) = H−dim(C)(C)⊗C
(pH0(Rg∗(L))) .
Indeed L has nonvanishing Euler characteristic and therefore Rg∗(L) 6= 0. Then
pH i(Rg∗(L)) = 0 holds for all i 6= 0, since pH i(Rg∗(Sχ0)) = 0 for i < −dim(C). This
being said, we obtain
pH−dim(C)(Rg∗(Mdχ0)) 6= 0 .
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The proposition follows from step 1)-3) applied for χχ0 instead of χ .
Remark. For an abelian variety X , let A be the connected stabilizer of an
irreducible subvariety Z of X , and let ˜Z be the image of Z in ˜X = X/A. Then the
connected stabilizer of ˜Z in ˜X is trivial.
Proposition 3. If F(B) = /0 holds for all quotient abelian varieties B 6= X of X , then
F(X) = Fmax(X) .
Proof. Suppose K ∈ F(X), but K /∈ Fmax(X). Then there exists a minimal
quotient p : X → B such that Rp∗(Kχ) = 0 holds (χ generic). The fiber perverse
sheaves Mi(b),b ∈ B and their Jordan-Ho¨lder constituents P are acyclic perverse
sheaves on the abelian variety Kern(p). Hence by the induction assumption
these P are in N(Kern(p)), hence have degenerate support. Since Z = supp(K) =⋃
b∈B,i supp(Mi(b)), by [A] therefore Z is degenerate, i.e. there exists an abelian
subvariety A of X of dimension > 0 such that Z +A = Z. Suppose A 6= X . For the
quotient morphism f : X → X/A and by the induction assumption F(A) = /0, then
R f∗(Kχ) 6= 0 holds for generic χ since otherwise K /∈ F(X) (proposition 2). Since
R f∗(Kχ) is perverse for generic χ , therefore L = R f∗(Kχ) ∈ E(X/A). Furthermore
supp(L) = ˜Z for ˜Z = f (Z) by proposition 2; in particular ˜Z is irreducible. Since
L ∈ E(X/A) and since F(X/A) = /0 holds by the induction assumption, the support
˜Z of L is a finite union of degenerate subvarieties. Since ˜Z is irreducible, there-
fore ˜Z is degenerate. This is a contradiction because by the remark above, for
the quotient f : X → B = X/A by the connected stabilizer A, the irreducible vari-
ety ˜Z = f (Z) has trivial connected stabilizer. This shows Z = X and Z is invariant
under Kern(p), so the vanishing Rp∗(Kχ) = 0 for generic χ implies K /∈ F(X) by
proposition 2 applied to the morphism p : X → B.
Corollary 2. If X is isogenous to the product A1×A2 of simple abelian varieties
A1,A2 of dimension dim(A1) = dim(A2) = d (and F(A1),F(A2) = /0), then
F(X) = Fmax(X) .
Remark. In the situation of the last corollary for irreducible K ∈ E(X) either
νK = d, or K ∼= δ ψX . Indeed K ∈ Fmax(X). So νK = d by lemma 6. For K ∈ N(X) we
know νK = d or 2d.
Although not needed for the rest of the paper, in the remaining part of this
section we show that under similar conditions for K ∈ F(X) the support of K is X .
We first state a result of [W].
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Theorem 3. For complex abelian varieties the support Z of an irreducible per-
verse sheaves K ∈ E(X) always is a degenerate irreducible subvariety of X , i.e.
A+Z = Z holds for some abelian subvariety A of X of dimension > 0.
Corollary 3. K ∈ E(X) =⇒ K ∈ N(X) for irreducible K ∈ Perv(X ,C), provided
F(A) = /0 holds where A is the connected stabilizer of the support Z of K.
Proof. By theorem 3 the support Z of K is an irreducible degenerate subvariety
of X . For the quotient f : X →B=X/A by the connected stabilizer A, the irreducible
variety ˜Z = f (Z) by construction has trivial connected stabilizer. If for generic χ
the perverse sheaf R f∗(Kχ) vanishes, our assertion for K ∈ F(X) and F(A) = /0 is
a consequence of proposition 2. So it suffices to show R f∗(Kχ) = 0. Suppose
R f∗(Kχ) 6= 0. Then ˜Z = supp(R f∗(Kχ)) by proposition 2. Since χ(R f∗(Kχ)) =
χ(K) = 0, any irreducible constituent P of R f∗(Kχ) is in E(X/A) and therefore
supp(P) is degenerate by theorem 3. Since ˜Z = supp(R f∗(Kχ)) = ⋃supp(P) and
˜Z is irreducible, we obtain ˜Z = supp(P) for some P. Hence ˜Z is degenerate. A
contradiction.
An immediate consequence of these arguments is
Proposition 4. Assume F(B) = /0 for all quotients B of X of dimension < dim(X).
Then any K ∈ F(X) has support X .
Proof. The assertion supp(K) = X follows from corollary 3. To show K ∈
Fmax(X) consider f : X → B for minimal B. Suppose R f∗(Kχ) = 0 holds for generic
χ . Then proposition 2 can be applied for K and A = Kern( f ), since F(A) = /0 and
supp(K) = X is invariant under A. This proves K ∈ N(X). A contradiction.
6 Proof of the main theorem
Lemma 8. Fmax(X) = /0 if X has a simple quotient B with dim(B)> µ(X).
Proof. Suppose K ∈ Fmax(X). For f : X → B then µ(Mi) ≥ µ(X) for i =
0, ..,dim(B)−1 by lemma 5, since these Mi are acyclic. Therefore H −µ(X)Kχ | f−1(0)∼=
H −µ(X)(M) ∼= H −µ(X)(M0) = 0. Indeed, for K ∈ Fmax(X) the support is not con-
tained in a translate of a proper abelian subvariety of X by lemma 7, so M0 = 0.
This shows
µ(K)> µ(X) .
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Now also PK ∈ Fmax(X) by lemma 6. The last inequality applied for PK instead
of K leads to a contradiction. Indeed µ(PK) = νK = µ(X) holds by the maximality
of K using lemma 6.
At least three simple constituents. Consider quotients g : X → B with nontrivial
kernel C, where B has two simple factors B1 and B2 and
0→ B1 → B→ B2 → 0 .
By lemma 8 we may assume that all simple factors of X have the same dimension
d = µ(X). Put A = g−1(B1). Consider K ∈ F(X). Then for f : X → X/A = B2
and generic χ the perverse sheaf Rg∗(Kχ) is in E(B), hence bx the decomposition
theorem of the form
Rg∗(Kχ) =
⊕
i∈I
T ∗bi (δ
ψi
Ai )∗Mi ⊕ objects in F(B) ⊕ rest
for finitely many simple abelian subvarieties Ai of B = B1 × B2 of dimension
dim(Ai) = µ(X) = d. Here bi are certain points in B, Mi are in M(B) and ψi are
certain characters with δ ψA := CA[dim(A)]ψ . The term ‘rest’ denotes the B-invariant
term.
Claim. For K ∈ Fmax(X) the index set I is empty.
Proof. Assume I is not empty. For generic χ the perverse sheaf Rg∗(PK,χ)
admits for each i ∈ I a nontrivial morphism in the derived category ([W2, prop.1])
Rg∗(PKχ)[νK]→PPi [νPi]
for each summand Pi = T ∗bi (δ
ψi
Ai )∗Mi. Since νK = µ(X) = d (by lemma 6 this holds
for maximal K ) and also νPi = d for i ∈ I, these morphisms define nontrivial mor-
phisms of perverse sheaves
Rg∗(PKχ) −→ PPi = δ ψiAi ,
which then are epimorphisms. Therefore by the decomposition theorem
Rg∗(PK,χ) =
⊕
i∈I
δ ψiAi ⊕ others .
Since P = PK,χ also satisfies νP = νK = d and also is in F(X), we may replace K
by PK . Thus it suffices to show that no terms δ ψiAi can appear in Rg∗(Kχ) under our
assumptions on K above. Indeed, proposition 1 implies
R−dg∗(Kχ)b′1,b′2 = 0
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for almost all b′1 ∈ B′1 (for fixed b′2 ∈ B′2). For this we have to choose the map f
used in this proposition 1, so that B1 from that proposition is B′1 = g−1(Ai) for some
fixed i (and not our fixed B1). Then for b′2 = 0 the fiber
R−dg∗(Kχ)b′1,0 = H
−d(δ ψiAi )b′1,0
is not zero for almost all b′1 ∈ Ai contradicting proposition 1, if I 6= /0. This proves
the claim. In fact, the support and vanishing assumptions from page 8 are now
satisfied for PK with d = µ(X). Recall that the support PK must not lie in a
proper abelian subvariety for proposition 1. But K ∈ Fmax(X) implies PK ∈ Fmax(X)
by lemma 6; hence lemma 7 takes care of this.
From the preceding dicussion we conclude
Lemma 9. Suppose given g : X → X/A = B with B and A 6= 0 as above. Then for
K ∈ Fmax(X) and generic χ we have
Rg∗(Kχ) = objects in F(B) ⊕ ⊕ψ∈Ψ(χ) mψ ·δ ψB .
Theorem 4. F(X) = /0 holds for all complex abelian varieties X .
Proof. We show F(X) = /0 by induction on the number of simple factors (or the
dimension) of X . Recall, for the simple case this was shown in [KrW]. The cases
with two simple factors will be considered in proposition 6 below. So assume that
X has at least three simple factors and that F(D) = /0 already holds for all proper
subvarieties or proper quotients D of X . Hence K ∈ Fmax(X) by proposition 3. Then
by lemma 8 all simple factors have dimension µ(X) = d, so there exists a quotient
g : X → B with kernel A 6= 0
0→ B1 → B→ B2 → 0
with simple factors B1 and B2 of dimension d = µ(X). Now F(B) = /0 holds by
the induction assumption and K is maximal. Hence Rg∗(Kχ) =
⊕
ψ∈Ψ(χ) mψ ·δ ψB is
B-invariant by lemma 9 for generic χ . But this contradicts the maximality of K,
since then R f∗(Kχ) = 0 vanishes for generic χ .
7 Functoriality
Lemma 10. For simple A = Kern(p : X → B) and for K ∈ F(X) the perverse coho-
mology sheaves pH i(Rp∗(K)) are in E(B) for all i.
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Proof. Using isogenies one reduces this to the case X = A×B, where p is the
projection onto the second factor. Then either Rp∗(K) = 0 and there is nothing to
prove, or for certain irreducible perverses sheaves Pi and certain integers νi
Rp∗(K) =
⊕
i
Pi[νi] , |νi|< dim(A) .
Suppose for one of the irreducible summands Pi /∈ E(B). For the projection q onto
the first factor A
X = A×B p //
q χ

B
χ

A // Spec(C)
by lemma 1 there exists a (generic) character χ of pi1(X ,0) so that both 1) Rq∗(Kχ)
is perverse and 2) H•(B,(Pi)χ) = H0(B,(Pi)χ) holds for the finitely many Pi. Since
K ∈ F(X), the Euler characteristic of Rq∗(Kχ) vanishes. Since Rq∗(Kχ) is perverse,
therefore Rq∗(Kχ)∈ E(A) is either zero or of the form Rq∗(Kχ) =
⊕
ψ∈Ψ mψ ·δ ψA and
H•(A,Rq∗(Kχ)) =
⊕
i H•(B,(Pi[νi]χ). For Pi /∈ E(B) the cohomology of all twists
(Pi)χ does not vanish (since the Euler characteristic is constant > 0 and indepen-
dent of twists). So for generic χ then H•(B,Pi[νi]χ) = Hνi(B,(Pi)χ) 6= 0 . Hence by
comparison Rq∗(Kχ) can not vanish and therefore is a sum of δ ψA so that at least
for one character ψ the cohomology H•(A,δ ψA ) does not vanish, i.e. ψ is trivial.
This gives a contradiction, since then H•(A,δ ψA ) contains terms of degree dim(A).
For all summands Pj, that are in E(B), the cohomology H•(B,Pj[ν j]χ) vanishes for
generic χ by corollary 1. For the others the cohomology Hνi(B,(Pi)χ) 6= 0 does not
contribute to degree dim(A), since these νi satisfy |νi|< dim(A).
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8 Convolution
For simple abelian varieties A1 and A2 of dimension d and simple perverse sheaves
K,L on the cartesian product X = A1×A2 consider the diagram
A1×A1
a

X ×X
b

p1×p1oo p2×p2 // A2×A2
A1 Y = A1×A22
c

p1oo p23 // A2×A2
a

A1 A1×A2
p2 //p1oo A2
with the morphisms a(x,y)= x+y, b(x1,x2,x3,x4) = (x1+x3,x2,x4) and c(y1,y2,y3) =
(y1,y2+y3) and the projections p23(y1,y2,y3) = (y2,y3) resp. (p1× p1)(x1,x2,x3,x4) =
(x1,x3) and (p2× p2)(x1,x2,x3,x4) = (x2,x4) and Y := A1×A22. Then
K⊛L := Rb∗(K⊠L) , Rc∗(K⊛L) = K ∗L .
By the decomposition theorem K⊛ L is a semisimple complex. By the relative
Ku¨nneth formula R(pi× pi)∗(K⊠L) = Rpi∗K⊠Rpi∗(L) and hence
Rp23∗(K⊛L) = Rp2∗(K)⊠Rp2∗(L) .
By twisting both perverse sheaves K,L with the same character χ = (χ1,χ2)
of pi1(X ,0) = pi1(A1,0)×pi1(A2,0) the direct images Rp2∗(K) and Rp2∗(L), and also
Rp23∗(pH i(K⊛L)) become perverse sheaves on A22 for generic χ1 (lemma 1). Now
⊕
i+ j=k
pH j(Rp23∗(pH i(K⊛L))) = pHk(Rp23∗(K⊛L))
holds by the decomposition theorem. The right side vanishes for k 6= 0, since
Rp23∗(K⊛L) = Rp2∗K⊠Rp2∗(L) is perverse. So all terms for k 6= 0 on the left are
zero, the terms for j 6= 0 vanish after twisting with a suitable character χ1. Hence
Rp23∗(pH0(K⊛L))) = Rp23∗(K⊛L) = Rp2∗(K)⊠Rp2∗(L) and Rp23∗(pH i(K⊛L))) = 0
for i 6= 0 and generic χ1. Notation: K ◦L = pH0(K⊛L) and K •L =
⊕
i6=0
pH i(K⊛L).
Since K⊛L = (K ◦L) ⊕ (K •L) , we obtain
Rp23∗(K ◦L) = Rp2∗(K)⊠Rp2∗(L) , Rp23∗(K •L) = 0 .
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Notice Rp23∗(P) = 0 for simple constituents P of the semisimple perverse sheaf
K •L, hence P ∈ E(Y). Since Kern(p23) = A1 is simple and Rp23∗(P) = 0, lemma 3
implies P ∈ N(Y). Then there exists an abelian subvariety B and a character ψ and
some M ∈M(Y ) such that P = δ ψB ∗M holds, and Rp23∗(P) = Rp23∗(δ
ψ
B )∗Rp23∗(M) =
0 implies Rp23∗(δ ψB ) = 0 so that B ⊂ Kern(p23). Hence up to a character twist
P = p∗23[d](Q) for some Q∈ Perv(A22,C). Indeed Stab(P)0 is an abelian subvariety of
Y , and therefore Rp23∗(Pχ) = 0 for generic χ implies Kern(p23)⊆ Stab(P)0. Hence
Lemma 11. Up to character twists the irreducible constituents of K • L are in
p∗23[d](Dbc(A22,C)).
By proper base change we obtain
Corollary 4. Up to character twists the irreducible constituents of Rc∗(K •L) are
in p∗2[d](Dbc(A2,C)).
By cohomology bounds for the perverse cohomology of K ∗L we obtain
Corollary 5. For K,L ∈ Perv(X ,C) up to character twists the irreducible con-
stituents of pτ>d(K ∗L) are in p∗2[d](Dbc(A2,C)).
Proof. For the proof we may twist both K and L by an arbitrary character
χ = (χ1,χ2) of pi1(X ,0), since convolution and therefore also b and c commute
with character twists. Hence the claim follows from Rc∗(K ◦L) ⊆ pD[−d,d](X) and
corollary 4.
The role of the indices 1 and 2 of the decomposition X = A1×A2 is arbitrary,
so by a switch
Corollary 6. For K,L ∈ Perv(X ,C) and |i|> d we have pH i(K ∗L) =⊕ϕ miϕ ·δ ϕX .
Corollary 7. For K,L ∈ F(X) all the summands P[d] →֒ K ∗L for which P is not X-
invariant appear in the form H•(δA2)⊗C P →֒ K ∗L so that for some P ∈ Perv(X ,C)
and Q ∈ pD[−d+1,d−1](X) the following holds
K ∗L =
(
H∗(δA) ·P
)
⊕
⊕
i,ϕ∈Φ(χ)
miϕ ·δ ϕX [−i] ⊕ Q .
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Proof. First assume only K,L ∈ Perv(X ,C). Then any term P[d] in K ∗ L with
perverse P, not invariant under Kern(p2), is in Rc∗(K ◦L); since K ◦L ∈ Perv(A1×
A22,C) and since c is smooth of relative dimension d, hence c∗(P)[d] must be a
summand of K ◦L and then Rc∗(c∗(P)[d]) = H•(δA2) ·P is a summand of Rc∗(K ◦L).
The same applies for terms P[d] in Rc∗(K ◦L) that are Kern(p2)-invariant. But now
there might be Kern(p2)-invariant terms P[d] not coming from Rc∗(K ◦L) but only
from Rc∗(K • L). To exclude this possibility we assume K,L ∈ F(X) so that we
can apply the next corollary to show that these critical summands are X-invariant,
hence contained in ⊕i,ϕ∈Φ(χ) miϕ ·δ ϕX [−i].
We now allow arbitrary characters χ1. Notice Rb∗(Kχ1 ⊠ Lχ1) = Rb∗(K⊠ L)χ1
or (K⊛L)χ1 = (Kχ1 ⊛ Lχ1). For irreducible P = p∗23[d](Q) we can determine Q as
a direct summand of Rp23∗(Pχ1) for a suitable choice of χ1. Now Rp23∗(Pχ1) =
Rp2∗(Kχ1)⊠Rp2∗(Lχ1). For K,L ∈ F(X) and arbitrary χ1 we then get Rp2∗(Kχ1) =⊕
i,ψ mψ i ·δ ψA2 [−i] from lemma 10, since A1 is simple. Then Q has to be A22-invariant
for K,L ∈ F(X). This proves
Corollary 8. For K,L ∈ F(X) the complex K •L is Y -invariant.
Similarly Rp1∗(K) and Rp1∗(L) are perverse, by twisting with a generic χ2 and⊕
i+ j=k pH j(Rp1∗(pH i(K⊛L))) = pHk(Rp1∗(K)∗Rp1∗(L)). Indeed from now on we
make the
Assumption. K,L ∈ F(X).
Then as required: 1) For generic χ we have Rp2∗(K) and Rp2∗(L) are perverse
and translation invariant on A2; and similarly Rp1∗(K) and Rp1∗(L) are perverse
and translation invariant on A1. 2) Furthermore pH i(K⊛ L) = 0 for |i| ≥ d. Of
course only the case i = ±d is relevant. If pH±d(K⊛L) 6= 0, then K⊠L is Kern(b)
invariant. Hence K⊠L does not lie in F(X2), contradicting the fact that K,L∈ F(X)
implies K⊠L ∈ F(X2). Indeed, suppose A →֒ X2 is a nontrivial abelian subvariety
and K⊠L would be invariant under A. Then K is invariant under pr1(A) and L is
invariant under pr2(A). By our assumptions, hence pr1(A) = 0 and pr2(A) = 0. A
contradiction.
By lemma 10 for generic χ2 (we do not write this twist !)
Rp1∗(K) =
⊕
ψ
mKψ ·δ ψA1 , Rp1∗(L) =
⊕
ψ
mLψ ·δ ψA1
and hence
Rp1∗(K⊛L) = H•(δA) ·
⊕
ψ
mKψm
L
ψ ·δ ψA1 .
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Since Rp1∗(K⊛ L) = Rp1∗ ◦Rc∗(K⊛L), we now compare this with Rp1∗(K ∗ L) =
Rp1∗ ◦Rc∗(K⊛L) using the formula for K ∗L obtained in corollary 7
Rp1∗(K ∗L) = Rp1∗
(
(H∗(δA) ·P) ⊕
⊕
i,ϕ∈Φ(χ)
miϕ ·δ ϕX [−i] ⊕ Q
)
= H•(δA) ·
(
Rp1∗(P)⊕
⊕
ϕ ′
m0ϕ ′ ·δ ϕ
′
A1
)
⊕ Rp1∗(Q) .
The terms Rp1∗(δ ϕX [−i]) must vanish for i 6= 0, since they have no counter part in
the comparison! But for i = 0 there might be contributions Rp1∗(δ ϕX [−i]) = δ
ϕ ′
A1 for
certain ϕ . Notice, for generic χ2 the functor Rp1∗ preserves perversity. Therefore,
making a comparison of the terms of degree d in H•(δA) (for A = A1 or A2) first, we
immediately get Rp1∗(Q) = 0 for generic χ2. Hence for the constituents of Q are up
to twists in p∗1[d](Perv(A1,C)). For those in N(X) the assertion is obvious. For those
in F(X) use corollary 2, F(A2) = /0 and proposition 2. Since the decomposition
X = A1×A2 is arbitrary, again by switching the indices we obtain the next
Proposition 5. For K,L ∈ F(X) there exists P ∈ Perv(X ,C) and some X-invariant
semisimple complex T ∈ Dbc(X ,C) so that
K ∗L = H∗(δA2) ·P ⊕ T H•(δA2) ·P →֒ Rc∗(K ◦L) ,
and H•(δA2) ·P = Rc∗(c∗(P)[d]) ⊆ Rc∗(K ◦ L). If K,L are monoids, then we have
P = K for K ∼= L respectively P = 0 for K 6∼= L.
Concerning the notation used: We call a monoidal irreducible perverse sheaf
on X that is contained in E(X) a monoid.
Proof. From our discussion it is clear that P = P1⊕P2 decomposes such that
P1 ∈ Rc∗(K ◦L) and P2 by corollary 8 is X-invariant. This allows to replace P by P1
and T by T ⊕H•(δA2) ·P2. The assertion on the precise form of P for monoids K
and L (see [W2]) then follows from [W2, lemma 7] applied to the class F(X) after
localization with respect to the hereditary class of X-invariant complexes.
9 Sheaves on X = A×B
For a monoidal perverse sheaf K ∈ F(X) on X = A×B, for simple abelian varieties
A,B with dimension dim(A) = dim(B), in the last section we have shown that K ∼=
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K∨ and K ∗K ∼= H•(δB) ·K⊕ T holds for some T =
⊕
ϕ miϕ δ ϕX [−i]. Let p : X → B
denote the projection onto the second factor.
Replacing K by a twist Kχ we can suppose that miϕ = 0 holds for the trivial
character ϕ . We can furthermore assume that there exists an abelian subvari-
ety A →֒ X with quotient p : X → B = X/A such that all the finitely many ϕ with
miϕ 6= 0 have nontrivial restriction on A. Assuming this, then Rp∗(T ) = 0 and there-
fore Rp∗(K)2 = H•(δB) ·Rp∗(K). Then L := Rp∗(K) =
⊕
mKiψδ
ψ
B [i] by lemma 10.
Hence Rp∗(K) must be perverse (miψ = 0 for i 6= 0) so that ⊕ψ H•(δB) ·m2ψ · δ ψB ∼=⊕
ψ H•(δB) ·mψ ·δ ψB . Both statements are an easy consequence of L∗L∼= H•(δB) ·L.
Therefore
Rp∗(K) =
⊕
ψ
mψ ·δ ψB , mψ ∈ {0,1} .
Notice, that by replacing K by some other Kχ with the same properties the coeffi-
cients mψ may of course change. But the generic rank r
r = ∑
ψ
mψ = rank(R−d p∗(K))b = (−1)dim(A)χ(H•(A,M(b)))
is independent from the specific character twist and the point b ∈ B, since
χ(H•(A,M(b))) = χ(H•(A,M(b)χ0))
holds for every (!) character χ0. Recall that H•(A,M(b)χ0) = Rp∗(Kχ0)b holds for
every b and every χ0.
K and any of its twists Kχ have the same stabilizer. Under our assumptions the
stabilizer H of K is a finite subgroup of X , say of order n. Then, for the isogeny
pi = n·X : X → X , we may replace K by one of the irreducible components P of
pi∗(K) =
⊕
χ∈H∗ Pχ , which is a direct sum of #H simple monoidal perverse sheaves
Pχ with νP = νK and each P ∈ F(X) has trivial stabilizer [W2, cor. 4]. So in the
following we may always assume H −d(K) = δ0, i.e. that T ∗x (K)∼= K implies x = 0.
Theorem 5. For simple complex abelian varieties A and B of dimension dim(A) =
dim(B) let denote X =A×B and p : X →B the projection onto the second factor. For
a fixed translation invariant complex T on B consider the set B of isomorphism
classes of perverse sheaves K on X such that
1. K is an irreducible perverse sheaf in Perv(X ,C).
2. K∨ ∼= K.
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3. K ∗K ∼= H•(δB) ·K ⊕ T .
4. The support supp(K) is not contained in a simple abelian subvariety.
5. Stab(K) is trivial, i.e. T ∗x (K)∼= K implies x = 0.
6. Rp∗(K) is perverse of generic rank r > 1.
Then B is empty.
Proof. For simplicity of exposition we may assume supp(K) = X (by prop.4)
although this is not essential for the argument. We prove this theorem by reducing
it to a corresponding statement for base fields of positive characteristic p, using
the method of Drinfeld [D] and [BK], [G]. The conditions defining B are con-
structible conditions in the sense of [D, lemma 2.5] and [D, section 3]. If B were
not empty, the argument of [D] therefore provides us with some other K ∈ B,
which now is a o-adic perverse sheaf on X for some finite extension ring o of
an l-adic ring Zl with prime element pi generating the maximal ideal of o, such
that furthermore we find a subring R ⊂ C finitely generated over Z so that X and
and the complex K⊗L o/pio is defined over Spec(R), i.e. the pair (X ,K⊗L o/pio)
descends to some (XR,K(pi)R ), with the following properties: a) The structure mor-
phism XR → S = Spec(R) is universally locally acyclic with respect to K(pi)R , b) For
every maximal ideal of R with the finite residue field κ and the corresponding
strict Henselization V for a geometric point over this maximal ideal and embed-
dings R ⊂ V ⊂ C, such that the conditions of [D, section 4.9]1 are satisfied for a
suitable Mi attached to K(pi)R and its convolution square, one has equivalences of
categories
Db{Mi}(X ,o) ∼ D
b
{Mi}(XR⊗R V,o) ∼ D
b
{Mi}(X ,o)
so that the structure morphism f : XV → Spec(V) is universally locally acyclic with
respect to K(pi)V , and c) The reduction K of K is an irreducible perverse Weil sheaf
on the special fiber X with structure morphism f : X → Spec(κ) defined over some
finite extension of κ , and finally d) there are similar equivalences of categories as
in b)
Db{Ni}(B,o) ∼ D
b
{Ni}(BR⊗A V,o) ∼ D
b
{Ni}(B,o)
1similar to [BBD, lemma 6.1.9] where V instead is chosen non canonically as some strict
Henselian valuation ring with center in the maximal ideal.
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for suitable Ni on BR attached to the perverse cohomology sheaves of the sheaf
complex Rp∗(K(pi)R ) and its convolution square similar to [D, 6.2.3] with a commu-
tative diagram (∗) similar as in [D, (6.1)]
D{Mi}(X ,o)
Rp∗

∼ // D{Mi}(X ,o)
Rp∗

D{N j}(B,o)
∼ // D{N j}(B,o)
Here D{Mi}(X ,o) as a full subcategory of D(X ,o) is defined in [D, 4.9] as the inverse
2-limit of subcategories D{Mi}(X ,o/piro)⊂Dpr f (X ,o/piro) so that C ∈D{Mi}(X ,o) iff
C⊗L
o
o/pio is in the thick triangulated subcategory D{Mi}(X ,o/pio) of D(X ,o/pio)
generated by the Mi in a finite set {Mi} of fixed complexes Mi ∈ Dbc(XR,o/pio).
Similarly for X respectively for finitely many N j on B (or B). We briefly remark
that in loc. cit. these equivalences of derived categories above over C,V,κ are
first proved on the level of o/piro-coefficients. There one implicitly uses that for
perfect complexes K of o/piro-sheaves (or projective limits of perfect complexes of
such complexes i.e. in the sense of [KW, p.96f]) the distinguished triangles (K⊗o
o/pir−so,K⊗o o/piro,K⊗o o/piso) for 0≤ s ≤ r show that K⊗o o/piro is contained in
D{Mi}(X ,o/piro), if K⊗o o/pio is contained in {Mi} or D{Mi}(X ,o/pio).
The first condition a) can be achieved by a suitable localization of R using
[Fin, thm. 2.13]. The acyclicity conditions in loc. cit. i∗F ∼= i∗R j∗F are for-
mulated for constructible o/piro-sheaves only, but using truncation with respect
to the standard t-structure they extend to o/piro-adic complexes K with bounded
constructible cohomology sheaves. Since Lχ is smooth on XR for any N-torsion
character χ , then
f : XR → S = Spec(R)
is also universally locally acyclic with respect to K(pi)R ⊗o Lχ . Here χ is viewed
as a character χ : pi1(X ,0)→ o(ζN)∗ ⊂ Glo(o[ζN ]). Now, if two of three complexes
in a distinguished triangle are universally locally acyclic, then also the third is.
This remark implies that all KV ⊗o Lχ ⊗Lo o/piro are universally locally acyclic for
r = 1,2, ... and our given o-adic perverse sheaf K ∈ B, if it is represented by the
system (Kr)r≥1 of perfect complexes Kr such that Kr ∼= K⊗Lo o/piro.
Now we may also consider K as an object in the category Dbc(X ,Q) or in the
category Dbc(X,Q) for Q = Quot(o). No matter in which way K ∈B =⇒ χ(K) = 0
[notice χ(K)2 = χ(H•(δB)) · χ(K)+ χ(T) = 0, since χ(T ) = 0 and χ(H•(δB)) = 0.]
Furthermore K ∈ B implies K ∼= PK and νK = dim(A). [Indeed K∨ ∗K ∼= K ∗K ∼=
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H•(δB) ·K ⊕ T implies that PK is either a summand of T or as an indecompos-
able constituent of H•(δB)) ·K isomorphic to K. In the first case K is translation
invariant under X , which is impossible by property 5). Therefore K ∼= PK . Since
PK [±νK ] →֒H•(δB) ·K, this implies νK ≤ dim(A). On the other hand µ(K∨ ∗K) = 0
and K[−dim(A)] →֒ K∨ ∗K imply νK = µ(K)≥ dim(A). Hence νK = dim(A).]
For characters χ = (χ1,χ2) of pi1(X ,0) = pi1(A,0)×pi1(B,0) notice that over the
base field C we know that for almost all characters χ1 of pi1(A,0) the direct image
Rp∗(Kχ1) ∈ Dbc(B,Q) must be a locally free translation invariant perverse sheaf on
B of rank r. For fixed χ1 therefore H •(R f∗(Kχ)) = H•(B,Rp∗(Kχ1)χ2), considered
with coefficients in o, is a o-torsion module for almost all characters χ2 of pi1(B,0).
Now for K ∈ Dbc(X ,o) this information is entirely encoded in the exact sequences
for r → ∞
0→H n(R f∗(Kχ))/pir →H n(R f∗(Kχ ⊗L o/piro))→H n+1(R f∗(Kχ))[pir]→ 0
in the form that H •(R f∗(Kχ ⊗L o/piro)) has bounded length independent from r.
Now consider the reduction (X ,K) of (X ,K), defined over the algebraic closure
κ of the finite residue field κ of R with respect to the maximal ideal of V , and
the base change ring homomorphisms V →֒ C and V → κ . By the universal local
acyclicity of the structure morphism f for all KV ⊗o Lχ⊗Lo o/piro the above bounded
length conditions over R or V are inherited to the reduction, so that H •(R f ∗(Kχ⊗L
o/piro)) has bounded length independent from r, again for almost all characters χ2
of pi1(B,0)∼= pi1(B,0) with respect a fixed but arbitrary χ1 outside some finite set of
exceptional characters χ1. The short exact sequences
0→H n(R f ∗(Kχ))/pir →H n(R f ∗(Kχ ⊗L o/piro))→H n+1(R f ∗(Kχ))[pir]→ 0
therefore imply that the Q-adic cohomology groups H n(R f ∗(Kχ)) vanish for al-
most all characters χ2 (with respect to the fixed χ1). Passing to the algebraic clo-
sure Λ of Q we can apply the decomposition theorem and obtain H k(R f ∗(Kχ)) =⊕
i+ j=k H i(B, pH j(Rp∗(Kχ)), and hence the Λ-adic perverse sheaves pH j(Rp∗(Kχ))
are acyclic for almost all χ2 (for fixed χ1). Since the perverse sheaves pH j(Rp∗(Kχ))
are pure Λ-adic Weil sheaves on B, by [W3, lemma 13] then all pH j(Rp∗(Kχ)) are
translation invariant perverse sheaves on B. Hence L = Rp∗(Kχ) =
⊕
Li[−i] for cer-
tain translation invariant perverse sheaves Li. Now L ∗L ∼= H•(δB) ·L⊕Rp∗(T χ) =
H•(δB) ·L for almost all χ1 implies L = L0, since Li[−i] ∗Li[−i] contains nontrivial
perverse sheaves in degree −2i−dim(B) =−2i−dim(A) for any translation invari-
ant nontrivial perverse sheaf Li on B. Thus for fixed χ1 (for almost all χ1) the direct
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image Rp∗(Kχ) itself is a translation invariant perverse sheaf on B. Up to a sign
(−1)dim(B) its rank is χ(L) = χ(Kχ |p−1(0)) = χ(K|p−1(0)) = χ(Rp∗(K)) = (−1)dim(B) · r.
Using that K and L satisfy K∨ ∼= K,L ∼= L∨ and L ∗ L ∼= H•(δB) · L and Kχ ∗Kχ ∼=
H•(δB)⊕T χ , which follows from the commutative diagram (∗) above, we are in
the situation of proposition 7 from the appendix. Hence this proposition implies
Md(b)∼= δ0 for b = 0 .
In particular the generic rank r of L therefore is one. Hence L is isomorphic to
a direct sum of pairwise non-isomorphic translation invariant perverse sheaves of
generic rank one for almost all torsion characters χ1 of pi1(A,0) (as explained at
the beginning of this section).
From the last theorem we get
Proposition 6. F(X) = /0 for complex abelian varieties X isogenous to A1×A2 with
simple factors A1,A2 of dimension dim(A1) = dim(A2).
Proof. Assume there exists K ∈ F(X). By theorem 5 we conclude that M =
K|p−1(0) has Euler characteristic one. This holds also for K replaced by Kχ (for
all χ). Hence except for finitely many χ from H•(A,M) ∼= Rp∗(Kχ)0 and the fact
that Euler characteristics of perverse sheaves are nonnegative [FK] we get that the
perverse sheaf Md has Euler characteristic one and M0, ..,Md−1 are acyclic (using
lemma 6). Then all Jordan-Ho¨lder constituents of Md are acyclic except for one,
the perverse sheaf δ0 (lemma 6) arising from the stalk spectral sequence analogous
to lemma 3. In fact this is also clear from an abstract point of view; the constituent
with Euler characteristic one is invertible in the Tannakian sense and therefore is
a skyscraper sheaf [KrW, prop.21b)]. This Tannakian argument carries over to
all fibers F(b) = p−1(b) and defines a unique perverse skyscraper Jordan-Ho¨lder
constituent in M(b) = Kχ |F(b); in fact a perverse quotient sheaf of Md(b). Hence
for every b ∈ B this defines a point x ∈ X with p(x) = b. The supports of these
skyscraper sheaves define a constructible set; its closure S defines a birational
morphism p : S → B. On an open dense subset U ⊂ S the morphism p defines an
isomorphism onto a dense open subet V ⊂ B. By Milne [M, cor.3.6] the morphism
V →U → X extends to a homomorphism s : B→ X (up to a translation).
For generic b ∈ B we have an epimorphism of perverse sheaves
Md(b) −→ δs(b)
so that δs(b) is the maximal perverse quotient of M(b) with generic support in a
subvariety of dimension zero ([KW, lemma III.4.3]). The kernel is acyclic and it
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is nontrivial! [If it were trivial for generic b, then H −d(Md) vanishes. This implies
H −2d(K|F(b)) = 0 for generic b. Hence H −dim(X)(K) vanishes at the generic point
of X . In fact the support is contained in s(B). But this is impossible, since then K
has support in a simple abelian subvariety and therefore is in F(X).] For generic
χ the same conclusion also holds when K is replaced by Kχ . Thus we always find
acyclic nontrivial perverse subsheaves of Md , which are therefore A-invariant. In
particular this implies supp(K) = X (so in fact it would have not been necessary
to suppose this). Now we apply verbatim the arguments of step 3) and step 5) of
the proof of proposition 2 and conclude as in proposition 2 that the irreducible
perverse sheaf K must be translation invariant with respect to A; indeed Kern(p) =
A is simple and supp(K) = X . A contradiction.
10 Appendix
In this appendix we consider perverse sheaves on abelian varieties over finite fields
and we use the Fourier transform as defined in [W3, section 7] to discuss monoidal
perverse sheaves K0 on products of simple abelian varieties X0 over a finite field
κ . For a fixed embedding of κ into an algebraic closure k, let K resp. X denote
the base extensions of K0 resp. X0 to the base k. In the following we regularly use
notation from [W3, p.32 ff], often without further mentioning.
In this appendix we make the following assumptions:
• (A1) For simple abelian varieties X over k all perverse Weil sheaves K on X ,
defined over a finite subfield κ of k, that are monoidal in the sense of [W2],
are translation invariant.
• (A2) If K is an acyclic perverse Weil sheaf on a simple abelian variety X ,
for a finite subfield of k, then each irreducible perverse constituent of K is
acyclic (later to be applied for the perverse sheaves denoted Mi).
These assumptions are motivated by the fact that the analogous assumptions
hold for simple abelian varieties over an algebraically closed field k of characteris-
tic zero, as shown in [KrW]. We expect them to hold also in positive characteristic.
Under the assumptions (A1) and (A2), in corollary 9 we will show that any
irreducible perverse sheaf K defined over κ on an abelian variety X over k with
Euler characteristic zero is translation invariant with respect to some nontrivial
29
abelian subvariety of X . By the argument of proposition 6, to show this it suffices
to consider the case of irreducible monoidal perverse sheaves K with Euler char-
acteristic χ(K) = 0 on products X of two simple abelian varieties A,B over k. In
addition, as shown in section 8, for the proof one can furthermore impose rather
strict conditions on these monoidal perverse sheaves K which naturally leads to
a bunch of conditions that are formulated before the next proposition 7. Then,
using our arguments from section 9, the desired corollary 9 will be a consequence
of proposition 7. The assumptions (A1) and (A2) are needed to ensure that the
technical conditions imposed in proposition 7 for the monoidal perverse sheaf K
do hold.
Remark. In the proof of theorem 5 we also applied proposition 7. However
there, by the reduction procedure, the required assumptions for proposition 7 are
inherited from the characteristic zero situation where (A1) and (A2) hold uncon-
ditionally. Hence for the proof of theorem 5, fortunately, it is not necessary to
postulate the conditions (A1) and (A2) from above.
Notations. Assume Λ = Ql for some prime l different from p. Let κ be
a finite field of characteristic p with q elements and κm be a finite extension
field of κ of degree m with qm elements. Let F = Fκ denote the Frobenius au-
tomorphism of κ so that Fκm = Fm. Let X0 be an abelian variety over κ and
X its scalar extension to the algebraic closure k of κ . Let T0 in Dbc(X0,Λ) de-
note a semisimple translation invariant complex with the property pHν(T0) = 0 for
ν < dim(X) and ν > −dim(X). Let H•0 = ⊕di=−dH i0[−i] denote some fixed complex
in Dbc(Spec(κ),Λ) and H• the associated F-module and hm := Tr(Fm;H•). We as-
sume χ(H•) = ∑ν(−1)ν dimΛ(Hν) = 0. Concerning this, we remark that later we
apply this for X0 = A0×B0 and H• = H•(B,δB) considered as a Fκ-module, a situa-
tion related to section 8. Let K0 ∈ Perv(X0,Λ) be a perverse sheaf, whose pullback
K to X is a simple perverse sheaf on X . Let S (K) denote the spectrum of K,
i.e. the set of ‘continuous’ characters χ : pi1(X ,0)→ Λ∗ of the etale fundamental
group of X for which H•(X ,Kχ) 6= H0(X ,Kχ) holds; in the following it suffices to
consider torsion characters χ . For T we similarly define the spectrum S (T ) of
T by considering the perverse cohomology sheaves pH i(T ) of T . Let Xm denote
the κm-rational points X(κm) of X using some fixed embeddings κm →֒ k. Similarly
Am = A(κm) and Bm = B(κm). Let X∗m be the group of characters χ : Xm → Λ∗, also
considered as a group of characters of pi1(X ,0) via Lang torsors as in [W3, section
7]. This defines the points of the spectrum Sm(K) = S (K)∩X∗m and ditto Sm(T )
as the union ⋃i S (pH i(T ))∩X∗m. For a (super)natural number N let X [N∞] denote
the set of points in X(k) annihilated by some power of N.
30
Define Λ∗0 = {α ∈ Λ∗ | |α |v = 1 for all archimedean and nonarchimedean val-
uation |.|v not over p}. If there exists integers n depending on α with αqn/2 ∈ Λ∗0,
then by definition α ∈ Λ∗mot and we write w(α) = −n. Following [Dr2], a weakly
motivic Weil complex K on X is a complex with the property that for all co-
homology sheaves H ν(K) the eigenvalues of the Frobenius Frx on the stalks
H ν(K)x at geometric points x over closed points x of X have algebraic eigen-
values α ∈ Λ∗mot , i.e. there exists integers n depending on α with αq
n/2
x ∈ Λ∗0. By
[Dr2, thm.B.3] the weakly motivic complexes define a thick triangulated full sub-
category of Dbc(X0,Λ). For k-morphisms f : X → Y these are stable under the func-
tors f!, f∗, f ∗, f !,⊠,D,RH om. For any weakly motivic complex K the functions
f Km (x) =∑ν(−1)νTr(Fmκ ;H ν(K)x) have values in a number field (independent from
m) and these values are integral over Z[p−1].
As in the next proposition, now assume for the irreducible perverse sheaf K
K∨ ∼= K and K∨ ∗K ∼= H• ·K⊕T .
As shown in proposition 5, for monoidal perverse sheaves K on a product X of
simple abelian varieties this automatically holds as a consequence of our assump-
tion (A1) on simple abelian varieties. By replacing the irreducible Weil complex
K by a generalized Tate twist K(α) for some α ∈ Λ∗, we may achieve that the
determinant det(E) of the smooth local coefficient system E, defining K on some
open dense subset of its support, has finite order [L]. Then K0 is weakly motivic
(see [Dr2]). As an immediate consequence also H•0 and T0, defined by
K0 ∗K0 ∼= H•0 ·K0⊕T0 ,
are weakly motivic. Notice K∨0 ∼= K0(α). By the determinant condition α is a root
of unity. Hence K is pure of weight 0. By a suitable finite extension of the finite
base field κ we may then assume K∨0 ∼= K0 so that
K∨0 ∼= K0 and K0 ∗K0 ∼= H•0 ·K0⊕T0 .
Instead for (K0,H•0 ,T0) this also holds for the triples (K0χ ,H•0 ,T0χ) obtained from
twisting with a character χ ∈ X∗m. Since the Euler characteristic of H• and T is zero,
the Euler characteristic of all Kχ is zero. This implies χ ∈S (K) iff H•(X ,Kχ) 6= 0.
In particular f̂ Km (χ) = 0 holds for all χ /∈ S (K) by the Grothendieck-Lefschetz
trace formula (see [W3], section 6).
If χ /∈S (T ), then H•(X ,Kχ)⊗2 ∼= H•⊗Λ H•(X ,Kχ). Hence f̂ Km (χ) 6= 0 implies
f̂ Km (χ) = Tr(Fm;H•(X ,Kχ)) =: hm
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for hm = Tr(Fm,H•). We remark that U ⊗Λ W ∼=V ⊗Λ W and W 6= 0 for semisimple
F-modules U,V,W implies U ∼= V after a finite field extension. Hence for the
characteristic function 1Sm(K) of Sm(K) more precisely
f̂ Km (χ) = hm ·1Sm(K)(χ) + function supported in S (T )
holds for all m, after replacing κ by a suitable finite field extension. Hint: If the
F-eigenvalue multi sets A,B,C of U,V,W satisfy A+C = B+C in C∗⊗ZR, to show
A = B (as sets with multiplicities) simply use induction on dim(U) = dim(V ). For
the induction step choose some arbitrary (lexicographic) ordering on the finite
dimensional R-vector space generated in C∗⊗ZR by the elements in A,B,C that
respects addition. Then compare a+ c and b+ c for the largest elements a,b,c in
A,B,C to conclude a = b.
Now let X0 = A0×B0 be a product of two simple abelian varieties A0 and B0
defined over κ . Let p0 : X0 → B0 be the projection onto the second factor. The
characters χ ∈ X∗m correspond to pairs (χ1,χ2) of characters χ1 ∈ A∗m and χ2 ∈ B∗m;
we assume that except for χ1 in a finite set Σ, for every torsion character χ1 there
exist finitely many characters ψi depending on χ1 such that
Rp∗(Kχ1)∼=
r⊕
i=1
mi ·δ ψiB .
Since F(B) = /0 holds by assumption (A1), for monoidal perverse sheaves this
follows from lemma 9.
In this situation, by section 9 the multiplicities mi are zero or one, and the
number r = r(χ1) of characters that appear with multiplicity mi > 0 is independent
of χ1 and is called rank(Rp∗(K)). Up to a sign this rank is the Euler characteristic
r = (−1)dχ(M(b)) of the complex M(b) = K|A×{b} on A×{b} (for b ∈ B). Attached
to the sheaf complex M := M(0) on A×{0} consider its perverse sheaves Mi =
pH−i(M(0)). Except for i = 0, ..,d = dim(B) the Mi are zero. For χ1 /∈ Σ the Miχ are
acyclic on A =A×{0} for i 6= d, and similarly for Mi(b). By our second assumption
(A2) all simple perverse constituents of these Mi, i 6= d are acyclic and hence by the
first assumption (A1) the Mi, i 6= d then are translation invariant perverse sheaves
on A. Since K is pure of weight 0, this implies w(M)≤ 0 and hence w(Mi)≤−i for
all i.
Proposition 7. For X0 = A0×B0 and simple abelian varieties A0,B0 of dimension
d = dim(A0)= dim(B0) let K0 be a simple monoidal perverse sheaf on X0 with νK = d
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such that K∨ ∼= K and K∨ ∗K ∼= H• ·K⊕T holds for a translation invariant complex
T =
⊕b
i=a Ti[−i] on X with −dim(X)< a≤ b < dim(X) and a graded Λ-vectorspace2
and graded F-module H• =⊕di=−d H i[−i] such that H±d ∼= Λ. Suppose that the
support of K is not contained in a fiber of the projection p0 : X0 → B0 and that
H −d(K) = δ0. Assume there exists a finite set Σ such that for all characters χ1 /∈ Σ
of pi1(A,0) the direct image Rp∗(Kχ1) is a perverse translation invariant sheaf on B.
Assume that all simple perverse constituents of the associated perverse sheaves
Mi, i 6= d are translation invariant perverse sheaves on A. Then
Md ∼= δ0
holds as perverse sheaves on p−1(0) = A×{0} and in particular the rank r of the
locally constant sheaf Rp∗(K) is
rank(Rp∗(K)) = 1 .
Proof. Suppose χ = (χ1,χ2) /∈S (T ) and χ1 /∈ Σ. This excludes finitely many
characters χ1 of pi1(A,0). By our assumptions then
Rp∗(Kχ) =
r⊕
i=1
δ ψiB
holds with a multiplicity free collection of r characters ψi depending on χ (a spe-
cial case of [W2,prop. 2]). It suffices to consider χ = (χ1,1) for torsion characters
χ1, outside a finite set of exceptional characters.
Step 1) As explained in [W3, section 7], under the above assumptions on χ ∈
X∗m we obtain an isomorphism of perverse Weil sheaves over κm
Rp0∗(K0χ)∼=
⊕
j
Indκmκmr j (δ
ψ j
B0 )(α j)
for some α j,r j and ψ j depending on χ . Since K0χ is pure of weight 0, Rp0∗(K0χ) is
pure of weight zero. Hence w(α j) = 0 holds for the weight for all j.
Step 2) For χ ∈ A∗m, b ∈ Bm let {ψ1, ..,ψs} be the subset of characters ψ j from
step 1) with the property r j = 1 (i.e. ψ j ∈ B∗m). Then example 2 and 3 of [W3,
section 7] show
f Rp∗Kχm (b) = (−1)dq−d/2m ·
s
∑
j=1
αmj ·ψ j(b)−1 .
2χ(H•) = 0 holds for simple monoidal perverse sheaves K0 (see [W2]).
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The number of summands s = sm(χ) in this formula may depend on χ ∈ Sm(K)
and m. Also the twist factors αmj may a priori depend on χ ∈Sm(K).
Step 3) Notice that a twist of Rp∗Kχ with the inverse of ψ j =(1,ψ j) for j = 1, ..,s
gives Rp∗Kχ/ψ j = (Rp∗Kχ)ψ−1j = δB(α j)⊕ acyclic perverse sheaves on B. The twist
factors α j ∈ Λ∗mot for 1 ≤ j ≤ s defining the ‘Tate twists’ in the last formula can
therefore (for all m) be computed by the nonvanishing number
αmj ·Tr(F
m
κ ;H
•(B,δB)) = Tr(Fmκ ;H•(B,δB(α j))
= Tr(Fmκ ;H
•(B,(Rp∗Kχ/ψ j)) = Tr(F
m
κ ;H
•(X ,Kχ/ψ j)) = f̂ Km (χ/ψ j) .
Now χ/ψ j ∈ Sm(K) follows from χ ∈ Sm(K); furthermore χ/ψ j /∈ Sm(T ) holds,
since we discarded a finite set of expectional characters χ = (χ1,1). Hence using
χ/ψ j ∈Sm(K) we get
f̂ Km (χ/ψ j) = hm = Tr(Fmκ ;H•) ,
as already shown. Hence the αmj are independent from j and independent from
χ = χ1 /∈ Σ in Sm(K). The arguments used in the proof of proposition 5 also show
that Tr(Fmκ ;H•) is αm · Tr(Fmκ ;H•(B,δB)) for some twist factor α . Indeed, by the
proof of corollary 7, the factor H• is defined by the formulas K ∗K ∼= H•⊗Λ P⊕T
and Rc∗c∗[d](P) =H•⊗Λ P, which are identities of Weil sheaves and c over k comes
from a homomorphism c0 : A0 × B20 → A0 × B0 defined over κ with kernel iso-
morphic to B0. Hence H• = H•(B0,Λ[d]). Furthermore P ∼= K over k and hence
P0 ∼= K0(β ) for some β . This implies H• = H•(B,δB)(α) for α = qd/2β ∈ Λ∗mot . No-
tice Tr(Fmκ ;H•(B,δB)) = (−1)dq
−d/2
m #Bm 6= 0 for all m, hence αmj = αm. In particular
w(α) = 0 and w(β ) = −d holds for the weights, and our formula obtained in step
2) simplifies to
f Rp∗Kχm (b) = (−1)dβ m ·
s
∑
j=1
ψ j(b)−1
for some fixed β of weight w(β ) =−d.
Step 4) Since Kχ and Rp∗(Kχ) are weakly motivic, there exists a subring o⊂ Λ
finite over Zl with prime ideal generated by pi such that f Kχm (x) and also f Rp∗(Kχ )m (b)
have values in o. Notice o may depend on χ . For χ ′,χ ∈ A∗m and χ ′,χ /∈S (T ) such
that χ ′ = χχl holds for an l-power torsion character χl , then from step 2) and 3)
for all b ∈ Bm we get the following equality in the residue field F= o/pi
f Rp∗Kχ′m (b) ≡ f Rp∗Kχm (b) .
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This follows from f Rp∗(Kχ′ )m (b) = ∑a∈Am f
Kχ′
m (a,b) = ∑a∈Am f Km (a,b) ·χ ′(a,b)−1 and the
property f Km (a,b) ∈ o, using χl(a,b)≡ 1 mod pi and χ ′(a,b)−1 ≡ χ(a,b)−1 in F.
Step 5) Writing f Rp∗Kχm (b) as a finite linear combination of s characters ψ j :
Bm → F∗ as in step 3), for b = 0 we obtain
f Rp∗Kχm (0) = (−1)d ·β m · s
where the number of characters s = sm(χ) may depend on χ and m. By the con-
gruence formula from step 4) for χ ′ = χχl then
β m ·
s(χ ′)
∑
i=1
ψ ′j(b)−1 ≡ β m ·
s(χ)
∑
i=1
ψ j(b)−1
follows for all b∈Bm. But β ∈Λ∗mot (so that β 6≡ 0 in F) and the linear independency
of characters Bm → F∗ then implies the congruence sm(χ ′) ≡ sm(χ). This congru-
ence forces an equality sm(χ ′) = sm(χ) if l is larger than the Euler characteristic
r of M(0). Indeed, r is an upper bound for s = sm(χ) independent from χ and m.
Hence for l > r we get an equality
f Rp∗Kχ′m (0) = (−1)d ·β m · sm(χ ′) = (−1)d ·β m · sm(χ) = f Rp∗Kχm (0)
whenever χ ′ = χχl satisfies the conditions of step 4).
Step 6) By [W3, thm. 5] this can be applied for any primes ℓ′ 6= p and ℓ′ > r
instead of the given prime ℓ. Let N = p∏ℓ′≤r ℓ′ be the product of the finitely many
remaining primes. Then χ 7→ f Rp∗(Kχ )m (0) is for all m an A∗m[l′∞]-invariant function on
A∗m for the primes ℓ′ 6 |N, at least on the complement of the set Sm(T ). For simplicity
we can assume S (T )⊆Sm(T ) by enlarging κ . Let N ′ be the supernatural number
N ′ = ∏ℓ′ 6∈N ℓ′. In fact, for any m we can extend this function to a constant function
on each A∗m[N ′∞]-coset in A∗m. This defines A∗m[N ′]-invariant functions f̂m(χ) on Am
for each m.
Step 7) From the last step we get for the extensions f̂m(χ) defined in step 6)
the following formula
f̂ Mm (χ1) = f Rp∗(Kχ )m (0) = f̂ Km (χ) = f̂m(χ)+ function with support in Sm(T )
for χ = (χ1,1) and all χ1 ∈ A∗m and all m.
Step 8) The perverse cohomology sheaves Mi of M for i 6= d are translation
invariant on A×{0}. Hence in the formula of step 7) we can replace M by Md after
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replacing S (T) by a suitable larger finite set S of characters (that is independent
of m). By Fourier inversion then for all a ∈ Am the formula
f Mdm (a) = fm(a) + gm(a) , gm(a) = ∑
χ∈S (T )
g(m,χ) · f δ
χ
A (αχ)
m (a)
holds for the Fourier inverse fm(a) of f̂m(χ). Notice that by step 6) for all m the
functions fm have support
supp( fm)⊆ Am[N∞] .
By enlarging κ we may assume that all characters in S are in A(κ)∗, and by
enlarging N we may assume also that χN = 1 holds for χ ∈S . This implies gm(a+
x) = gm(a) for all x in some subgroup Um of A(κm) with index [A(κm) : Um] dividing
N2dim(X). In particular, this holds for all points x ∈ A(κm)[l∞] for a prime l not
dividing N. Let us fix such a prime l.
Step 9) The semisimplification (Md)ss of the perverse sheaf Md on the simple
abelian variety A can be written as a sum (Md)ss = T ⊕ δ , where T is translation
invariant and where δ is clean in the sense that it does not contain translation
invariant summands. Let Y be an irreducible component of the support supp(δ )
of δ whose dimension is maximal among in supp(δ ). If dim(Y ) < dim(A), choose
a Zariski open subset Y ′ ⊂ Y which is disjoint to other irreducible components of
supp(δ ) and so that δ |Y ′ is smooth, i.e. a smooth sheaf up to a complex shift. The
Zariski closure of A(k)[l∞] in A is A. For δ 6= 0 there exists an integer m and a point
x ∈ A(κm)[l∞] such that Y ′∩ (−x+ supp(δ )) is a proper subset of Y ′. If we replace
Y ′ by some open dense subset, we may therefore assume (Y ′+ x)∩ supp(δ ) = /0.
Therefore we can find m0,a ∈ Y ′(κm0) so that f δm(a+ x) = 0 holds for all m and so
that f δm(a) 6= 0 holds for infinitely many m. In the Grothendieck group of perverse
sheaves on A then the linear combination
T ∗x
(
(Md)ss
)
− (Md)ss = T ∗x (δ ) − δ
is nontrivial, with certain components having generic support of dimension dim(Y )
not cancelling away. On the other hand by step 8), for varying m the associated
functions of this element in the Grothendieck group are a 7→ f Mdm (a+x)− f Md(a) =
fm(a+x)+gm(a+x)− fm(a)−gm(a) = fm(a+x)− fm(a), and their support hence is
contained in A(κm)[(lN)∞]. In view of the first assertion of the remark following
[W3, cor. 3], this contradicts [W3, lemma 19] (applied for lN instead of N) unless
dim(Y )≤ 0. So, for dim(Y ) 6= dim(A) the semisimplification (Md)ss of the perverse
sheaf Md on A is
(Md)ss ∼= T ⊕δ
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for some perverse Weil sheaf δ on A with support of dimension 0 and some trans-
lation invariant perverse Weil sheaf T on A.
Step 10) For δ 6= 0, we claim that dim(Y ) = dim(A) is impossible. Otherwise
on some open dense subset Y ′ ⊂ A the semisimple perverse Weil sheaf δ becomes
smooth δ |Y ′ = E[d] for some smooth l-adic sheaf E 6= 0. Since none of the irre-
ducible smooth sheaf components Ei of E ∼=
⊕
i mi ·Ei is translation invariant on X ,
we can choose x as in step 9) so that δ and T ∗x (δ ) have no common simple smooth
sheaf constituent on Y ′. Indeed, the stabilizer in X of each constituent is a finite
group. Furthermore, as in the last step for all m the functions
f T ∗x (δ )m (a)− f δm(a)
have support in Am[(lN)∞]. These two mentioned properties of δ are obviously
stable under (generalized) Tate twists; so for simplicity we may now temporarily
assume that the maximal weight of a nontrivial simple constituent of δ is w = 0
resp. of E is −d. For the restrictions of δ etc. to Y ′ (and by abuse of notation we
also write δ etc.) consider the corresponding functions f δm etc. on Y ′ ∩Xm. For
m→ ∞ the left side of the scalar products on Y ∩Xm
( f δm , f δm − f T
∗
x (δ )
m ) = ( f δm , f δm)− ( f δm, f T
∗
x (δ )
m )
can then be estimated from above by 2#(supp( f δm − f T
∗
x (δ )
m ) · (q
w(E)/2
m )2 · rank(E)2.
Hence 2#Am[(lN)∞] · q−dm · rank(E)2 is an upper bound. We may enlarge κ so that
A0(κ) contains a torsion point of order M for some integer M prime to N · l such
that 2 · rank(E)2 < M ·∑i m2i . Then the left side becomes < ∑i m2i for large m, since
#Am[(lN)∞]
#Am ≤
1
M and #Amq−dm converges to one. By Cebotarev, ( f δm , f T
∗
x (δ )
m ) on the right
side converges to zero ([W3, cor. 2]), whereas for any ε > 0 there exist infinitely
many integers m such that ( f δm , f δm)> ∑i m2i − ε holds, using the second assertion of
the remark following [W3, cor. 3]. This gives a contradiction, so dim(Y )< dim(A).
Hence, the support of δ on A has dimension 0 or δ = 0.
Step 11) By the last step δ ∼=⊕i mi ·δxi(βi), for finitely many closed points xi ∈A
with certain multiplicities mi ≥ 1 and twists βi ∈ Λ∗mot (unless δ = 0). We choose κ
large enough so that the points xi are κ-rational points.
Step 12) From step 9), 10), 11) for all m and for almost all characters χ = χ1
we obtain
f Rp∗(Kχ )m (0) = ∑
a∈Am
f Mχm (a) = ∑
a∈Am
f M
d
χ
m (a) = ∑
a∈Am
f δχm (a) = ∑
i
mi ·β mi ·χ(xi)−1 .
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Step 13) For pointwise weights we have w(Md) ≤ w(M)− d ≤ w(K)− d = −d.
We claim that the weights of the stalks of δ at the points xi in the support are equal
to −d; as a skyscraper sheaf then δ is pure of weight −d. Indeed, by comparing
step 11) and step 5) for all m and all χ ∈ A∗m (with finitely many exceptions), we
get
(−1)d · sm(χ) = ∑
i
mi ·θ mi ·χ(xi)−1
for the numbers θi = βi/β in Λ∗mot . Hence, by regrouping into pairwise different
θk, this shows
(−1)d · sm(χ) = ∑
k
θ mk ·mk(χ) , mk(χ) = ∑
i
mki ·χ(xi)−1 6= 0
with integer coefficients mki ≥ 0. Since w(β ) =−d and w(βi)≤−d and sm(χ) is an
integer, if w(βi)<−d would hold for one of the βi, this would give a contradiction
for m→ ∞; in fact, it would imply w(θk)< 0 for some k. Then choose χ ∈ A∗m such
that χ(xi) = 1 holds for all i and for some m = m0. We can also assume sm0(χ) = r,
by enlarging m0 if necessary. Then, for m = νm0 and ν → ∞ we have sm(χ) = r,
and the formulas above give a contradiction. This proves w(βi) =−d for all i.
Step 14) Since w(Md)≤−d and since δ is pure of highest weight −d as shown
in step 13), the weight filtration on Md and the decomposition theorem imply the
existence of an exact sequence
0→ T →Md → δ → 0
of perverse sheaves on A.
Step 15) This in turn implies T = 0 and hence Md ∼= δ . Indeed, the existence
of a translation invariant perverse subsheaf T 6= 0 in Md would imply that K is
translation invariant under A, by the argument used in step 2 and 3 of the proof
of proposition 2 (note that the argument there does not depend on the choice of
the base point b). Hence by our assumption H −d(K)∼= δ0, the restriction M of the
perverse sheaf K to A×{0} can not be translation invariant under A. Therefore
Md ∼= δ 6= 0 .
Step 16) K is a simple monoidal perverse sheaf with H −d(K)0 ∼=Λ by assump-
tion. The stalk spectral sequence of section 1 (before lemma 3) therefore gives an
exact sequence of etale sheaves on A×{0}
0 //H −d(M1) ∂d //H 0(Md) //H −d(K)|A×{0} //H −d(M0) .
38
Indeed, its higher differentials ∂i : H −i(M j) → H 0(Md) for i + j = d + 1, i =
2, ..,d − 1 vanish, because the perverse sheaves Mi for i < d are translation in-
variant on A and so their cohomology sheaves are zero except in degree −d. Our
assumptions that the support of K0 is not contained in a fiber of p0 implies M0 = 0.
Hence, the right term H −d(M0) vanishes. Finally notice, w(M1) ≤ −1 and hence
w(H −d(M1)) ≤ −d− 1, but Md is a pure skyscraper sheaf of weight w = −d. So,
by weight reasons we conclude ∂d = 0 and hence H 0(Md)a ∼= H −d(K)a holds for
all a ∈ A×{0}. Since H −d(K) = δ0 by our assumptions, therefore
δ ∼= H −d(K)|A×{0} = δ0 .
Since νK = d, the support of H −d(K) can be identified with the finite stabilizer
group of the monoidal perverse sheaf K and each stalk has Λ-dimension one by
[W2, lemma 1, part 5 and 7].
Step 17) Since δ = δ0, the Euler characteristic of Rp∗(K) or M is (−1)d using
(−1)dχ(M) = χ(Md) = χ(δ0) = 1. Hence rank(Rp∗(K)) = (−1)d ·χ(M) = 1.
Remark. Applying proposition 7 as in the proof of theorem 5, the roles of A
and B can be interchanged. Using this, then step 3 of our proof implies #Am =
cm ·hm = #Bm for almost all m. Since ∑∞m≥m0 #Amtm determines the L-function of A,
and similar for B, we get Tr(Fmκ ,H1(A,Ql)) = Tr(Fmκ ,H1(B,Ql)) for all m. Hence
A is isogenous to B by the Tate conjectures for abelian varieties over finite fields.
If A and B are isogenous, for the proof of corollary 9 over finite fields using our
reduction to products of two simple abelian varieties, we can assume A = B and
the abstract subgroup ⋃n,m∈Z{(na,ma) a ∈ A} is Zariski dense in X = A×A. So
for every proper closed subset D ⊂ X there exists n,m with (n,m) = 1 such that
ϕM(A×{0})∩D is a proper closed subset of ϕM(A×{0}) for the automorphism
ϕM ∈ Aut(X) defined by a unimodular matrix M ∈Gl(2,Z) with entries M11 = n and
M21 = m. If the support of K is X , then supp(H −2dim(A)(K)) = X and H −2dim(A)(K)
is a smooth nonvanishing sheaf on U = X \Y for some Zariski closed subset Y ⊂D
with D of dimension d − 1. The intersection U ∩ ϕM(A×{0}) is Zariski dense
in ϕM(A×{0}) unless ϕM(A×{0}) ⊂ Y . Hence without restriction of generality
Md = pH−dim(A)(K|A×{0}) can be assumed to have support A×{0} by replacing K
with ϕ∗M(K) for some M.
This however contradicts step 15 of our last proof. In the characteristic zero
case this proves the analog of corollary 9 below, in view of proposition 4. Another
argument in characteristic zero, relying on proposition 7, was already given in
proposition 6. Besides the assumptions (A1) and (A2), this is the only place where
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in the proof of the main result theorem 4 of this paper the characteristic zero
assumption enters, namely by using the support condition supp(K) = X in the
proof of proposition 6. That this support condition holds in characteristic zero
followed from theorem 3 and its corollary 4.
Let us therefore give a third argument via Lang torsors, which completely
avoids the use of the support condition supp(K) = X made in proposition 6 and
therefore, in view of the results of loc. cit., implies corollary 9 over finite fields:
Let K0 respectively K be perverse sheaves as in proposition 7. We want to
apply this proposition to the pullback ℘(m)∗0 (K0) of K0 with respect to some Lang
morphism ℘(m)0 : X0×Spec(κ) Spec(κm)→ X0×Spec(κ) Spec(κm) respectively the corre-
sponding isogeny over k
0 // X(κm) // X
℘(m) // X // 0 .
For this replace κ by κm and K by ˜K =℘(m)∗ (K). Notice ˜K is defined over κm, and
we write ˜K0 for the corresponding perverse sheaf on X0×κ κm. By [W2, cor. 7] the
perverse sheaf ˜K is a simple monoidal perverse sheaf with the same support as K
so that H −d( ˜K) = δ0. So, once we replace X0,A0,B0 by their scalar extension to κm
the perverse sheaf ˜K satisfies all the conditions required for proposition 7. Since
℘(m)∗ is a tensor functor, the properties ˜K∨ ∼= ˜K and ˜K ∗ ˜K ∼= H• · ˜K⊕ ˜T hold for the
translation invariant complex ˜T =℘(m)∗ (T ) on B, since the corresponding property
holds for K. Finally
Rp∗( ˜K) = ℘(m)∗ (Rp∗(K)) ,
because p is defined over κ and therefore commutes with ℘(m). Similarly, for
characters ϕ = χ ◦pi1(℘(m)), we get Rp∗( ˜Kχ) =℘(m)∗ (Rp∗(Kϕ)). Hence Rp∗( ˜Kχ1) is a
translation invariant perverse sheaf on B for almost all characters χ1, since it is the
direct image under ℘(m)∗ of the corresponding translation invariant perverse sheaf
Rp∗(Kϕ) for ϕ = (ϕ1,ϕ2) and ϕ1 /∈ Σ. Therefore proposition 7 can be applied for ˜K
instead of K and again shows
rank(Rp∗( ˜K)) = 1 .
Of course, also rank(Rp∗(K)) = 1 holds by proposition 7. Twisting K by a suitable
character, we may assume that Rp∗(K) is perverse translation-invariant of rank
r = 1 so that Rp∗(K)∼= δ ψB . Hence we get
rank(Rp∗( ˜K)) = rank(℘(m)∗ (Rp∗(K))) = deg(℘(m)) · rank(Rp∗(K)) = deg(℘(m))
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from ℘(m)∗ (δ ψB )) = ⊕
deg(℘(m))
i=1 (δ
ψ
B )χi . This implies #X(κm) = deg(℘(m)) = 1, which
is absurd for large m. This contradiction implies that perverse sheaves K with
the properties required as in proposition 7 can not exist. Together with the other
arguments used for the analogous proof in the characteristic zero case, this implies
Corollary 9. Let k be the algebraic closure of a finite field κ . Suppose any
monoidal perverse Weil sheaf on a simple abelian variety over k is translation in-
variant. Furthermore suppose that all simple constituents of an acyclic perverse
sheaf on a simple abelian variety are acyclic. Then any irreducible perverse Weil
sheaf with Euler characteristic zero on an arbitrary abelian variety X over k is
translation invariant under some abelian subvariety Y ⊆ X of positive dimension.
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